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Outline

o Information geometry

( e-geodesic, m-geodesic, KIL-divergence )

J  Generalized information geometry

Kolmogorov - Nagumo mean
Generalized (e - geodesic, m-geodesic, KL-divergence)
Quasi divergence

The other generalized KL divergence



The core of iInformation geometry
T =1 f(0)20, [ f(x)dP(x)=1]
m-geodesic Cy = { /™ (x) = (1-1)f(x) +1 g(x): 1€[0,1]}
e-geodesic ng?g — { O (x) = eI-DI0g [ ()+110gg(x)—x (D) . f 10 1)
KL divergence D(f,g)=E ;(log f —logg)

Pythagoras | C\" L, C.%) & D(f.h)=D(/.g)+D(g.h)

f (Amari-Nagaoka, 2001)



Metric and connections

Let M ={fp(x):

0=(6,,,0,)cO} with ® c R?

Information metric

m-connection

e-connection

o” fo Olog fy
ljk(g) -[56’56’ 56’ ar

0/ 8 log f¢
’Jk(g) -[66’ 66’66’ ar

Conjugate

a"; i(0) = r(jf)(eprr(z) )

Rao (1945), Dawid (1975), Amari (1982)



Exponential model

Let us fix a canonicalstatistict = (7, -+, )-

Exponential model M = { 73 (x) =exp{0Tt(x) — x(0)} : 6 € O}

Mean parameter n=E {t(X)}= i/((6’)
fo 00
Remark 1 @ and g are affine parameters wrt I'® and T™
(M© is dually flat.) Amari (1982)

Remark2 M (¥ is totally e-gedesic.

(The e-geodesic curve connecting any two densities in M (©) is always in M (e).)



Minimum KL leaf

Exponential model M) = {fége)(x) 10 €O}

Mean equal space  &(f)={ge 7 : E {t(X)} =E {t(X)}}

feM® = Dgf)=D(g,f)+D(f ,f) (Yge«(f), vf e M®)

/

‘ D) D(g. f)

f*

\D(g,f*) 2"




Pythagoras foliation

(7(f): feM®} isa foliation, i.e.
D fiz o = LDNL(f) =9
(ii) 7= @

fEM(e)
M(e)

J1 /// |
gz-::g(M(e)) | A Q(fl)
Ja

L “(f>)
& (1)



KL divergence (revisited)

e-geodesic /¥ (x)=exp{(1—1)log f(x)+tlog g(x)—x(?)}
The normalizing constant

k(1) = log[ [ exp{(1-n)log f(x) + rlog g(x)}dP(x)]

We observe

~ dx(0)
dt

=E ,(log f —logg)=D(f,g)

Cf. Ay-Amari (2015)

0

1

N

K (1)

KL divergence is induced by e-geodesic

Cf. the canonical divergence, Amari-Nagaoka (2001)



(log , exp)

(log, exp)

(0,y)

e T~

e-geodesic

KL-divergence

m-geodesic \/

\ Pythagoras identity

exponential model

mean equal space

\

-’?

Pythagoras foliation

A\

exp((1-7)log f(x) +tlog g(x) — x;)

J = exp( 10g(?f )

(1-2)f(x)+1g(x)




(log, exp) — (¢, v)

where ¢ 1s a concave functionon (0,o0) and i is the inverse of ¢.
4
5

w(e(f)=r1
v (p(f))e'(f) =1

10



Kolmogorov-Nagumo mean

K-N mean is | ((1-0)@(f)+t¢(g))| for positive numbers f and g.

Cf. Kolmogorov(1930), Nagumo (1930), Naudts (2009)

(1) g(s)==s arithmetic mean : (1-0)f+tg

(2) #(s)=logs geometric mean : exp((1—-12)f +12)
1
1 1
(1-1) 7 +1 s

(3) P(s) = % harmonic mean :

11



Generalized e-geodesic

CED = fLD(x):1[0,1]}

SO0 = ((1-0g(f(x)) +td(g(x) - (2))

where K(¢)(t) 1s a constant to satisfy

[ w-0p(f)+16(2) - P (1)) aP=1

Remark Let C/°%) . = {y(mg(f)+++m(fi) - K(x): 7 € S}

If f,ge Cf( ¢)fk then CJ(r g¢) 1s alwaysin Cf(w)fk

( C ( ¢) 1s totally e g-geodesic )

k



Generalized KL-divergence
DV (f,8)=E . 1{#(/)~9(2)}

1

where £(f) = IW"'JQ (v (¢(f))=ﬁ)

?'(f)

Remenber %) (¢) defined tosatisfy
[ =091 +1(9) - P @) dP=1 0
1

o) [V K M t
dt [ v @(r)ap

?)
J’¢(f )= #(2) < )

¢'(f) . (F) =
P C v (/NP (f)=1)

¢'(f) 13




Generalized m-geodesic

C 0 ={f{"(x):1e[01]}

where £ = £ (1-NE(f) +1E(g)).

Remark

() Es) (SO0} =By (SN} =7 S E, gy (SO} =7 (V12 (0.1)

i) f gm¢) = ¢"1( 11 1 ) (quasi-harmonic mean)
0% ' 5

() C fimmfk 1s m¢ - totally geodesic



Metric and connections by D)

DO(f.8)~ [ £()h(g)dP  cf. Eguchi(1992)

Riemannian metric

Generalized m-connection Ffj,k ) :J‘ azé(fe) 5¢(f9)dp

Generalized e-connection Ffjk (6)

G (0) = I ae;ga) agfgfe) P
i J

(mg)

06,00 06,

(), ¢ E(fy) 8" H(fy)
_I 699 691.(39? ar

Remark

0
a0,

G\?)(6) < G;(0)  (conformal )

G

(e¢) (m) .
(e)zr;’j (O)+T,; (6) (conjugate)

15



Generalized two geodesic curves

7 S #(7)
AN

16



¢ Pythagorean theorem

Pythagoras theorem

Cf(?) Lg Cée,?i) = DY(f.n =D (f,2)+ D (g,h)

/

(mg)
C /g 2

g
i

o Ps)=logs = y(t)=expt, S(s)=5,
(f, ) pPy—(rm 1 py

17



Power-log function

|

v )= Sﬂﬂ_l = y()=1+p0", &s)=5"7

DW(f,g)=

M9 (x) = (1= & 3,) ()7 +x4,8(x)F)

1

pl [ Far

1

D (x) = ((1-1)f(x)? +1g(x)* —x,)”

5

a-[ f"7g’apry
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Generalized exponential model

G-exponential model
M = (5D (x) =y (0" 1(x) - 9 (0)): 0 € O}

where K‘(¢)(t9) 1sa normalizirg constant.

Mean parameter n = Ef(f(g,ﬁ) ){t(X)} = a%K(¢)(0) Cf. Naudts (2010)

Remark 1 @ and 7 are affine parameters wrt I'¢# and T™%)
(M €9 i dually flat.)  Cf. Matsuzoe-Henmi (2014)

Remark2 M (%) g totally (e ¢) - geodesic.

(The generalized e-geodesic curve connectingany twodensitiesin M (e4)

isalwaysin M?9)

19



Minimum GKL leaf

G-exponential model Af(¢9) = {f%eq})(x) 100}

Mean equal space & (&)(f)={g: Eg(o){t(X)} = Eg( ) {t(X)}}

femM® =
DW(g.[)=DD(g.f)+DP(f".1) (Vge& D).V feM®)

DOy
| (f 1) D9(g 1)

*

/

4

D(¢)( ,f*)
\ ) SO

20



Generalized Pythagoras foliation

(79 (F): £e M) isafoliation
Q) fizfr = LN LS =4
i 7= U«

fEM(e¢)
M(e¢)
gr:g(f)(M(eéﬁ)) ! 7 /
(1)
/2 0'4
<)
-

‘ g(f)(ﬁ)

21



(log,exp) (0, w)
J 2
C© C(e?)
c(m c(m?)
D D(¢)
M(e) M(e¢)
& Q(@

If (¢,w) # (log,exp), then
(1) the geometry depends on the choice of P,

(11) the minimum D9 estimation is not feasible.

Cf. Newton (2012)

22



Expected ¢ density

Consider E {-0(g)}
Let Zopt = argminE {-¢(g)}
ge 7
0
Then — Er(1=2)gop+ &} oo

= [ {/8'(gop)(h—gop)}dP=0 forall hof 7

Therefore  f(x)@'(gopt(¥)) = ¢ witha constantc, thatis,

Zopt(¥) =& (f(x))  where C(f)=(¢')_1(%)

E{=¢(£(f)} = min E »{~¢(g);

ge 7

23



Quasi divergence

1
f
Remark s
o) . ¢
E(C(f)) = 2P _jfdP_f

' (S (f)) ¢
| daP -1,C
b =—/| —— d = (o' —
ecause £(f) RN and £(f)=(9") (f)

Let Dy(f,g) = E{-¢(g)} —frgi;c Er{-d(2)}.

Then  Do(f.g) =E (& (/) - d(2)}

Do(f.g) =0 withequality iff g=¢&"1(f)




Another generalization of KL-divergence

One adjustment

DY (f,2)=Dy(E(f).g) = Ecpyio(f) —9(8);

The other adjustment

A (f,8)=Do(f,E 7 (2) = E A8 () - 4(E ()}
Remark
(i AP (f.9) = DD(ES),(2))

(11) A(¢)( f,g) 1s aunique divergence defined by the standard expectation

in the class of corrected quasi divergence

25



Gamma divergence

1-5
- Pl gy =B
o dn=F1 = [ & ap
1
oy 8
s (glx))= N
j gl-AdP
2
o A= (] piap)
(] grear)
Remark A is y-divengence with y = e Fujisawa-Eguchi (2008)
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A¥ -geometry

Let ©(/)=¢(& (/)
m-geodesic ¢ (m . (-t)f+tg
G-e-geodesic ce®) . CD_I((I —1)D(g)+tD(h) - K'(CD)(I))

D D(g)

—

— Y

o1 O(f) (1-D®(f)+1D(g)

Pythagoras €7 1 S = A0 =2 (1.0)+ 4 .h)
1
(m) h
C /.8

g C(eq))

g, h 27



Metric and connections by A

AO(f.g) = | f®(g)dP

(CD)(Q) J‘ o/ 5q’éf9)dP

Riemannian metric

Generalized m-connection F oy (9) J‘a%@fg ﬁqa)éfe)dp

0fp 0 D(fy)
66’ 86’ 89 ar

( ?)
Generalized e-connection (6’) I

D
Remark r(;nk ) — (m)

28



Minimum A® estimation

Model M={fy:0¢c0B}
Data set {X,-}jf('1 fo(x)
1.1.4.
. @)y | C
Loss function LP(0) == O(fe(X))
i=1
Proposed estimator ') = arg min 1®)(0)
0e®
Expected loss LP(0) =E {-®(fy)} if (X}~ f(x)
consistency 6 - 9if f=f,

Estimation selection, Robustness, Spontaneous data learning
29



Non-convex learning

Model o) = —gzexpi-5 (x-0) (x-0)}

) n
Loss function (@) (g) = _ %ZGXP {—%(x,- -0)'(x -0}
i1

Selection of ¥

30



Spontaneous data learning

The consistent class of estimators {é(q)) with L(CD)(H)} ®

Super robustness

Redescending Influence function

Multi modal detection

Difference of convex functions

two local minima

Estimation selection than model selection

31



Concluding remarks

D(¢)(f9g) A .
®,v) <

AD(f.g) N - @

expectation metric
(9) E * G
A | f

(6. = (log,exp) = AP = DW= p




Inavk wyovu

Welcome to any comments:

eguchi@ism.ac.jp
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U-divergence
Let U be a function satisfying U(s) = j;w(t)dt

U-cross-entropy  Cy;(f,g) = | {~f #(g) +U(4(g))}du
U-entropy Hy(f)=Cy([,[)

U-divergence Dy (f.8) =Cy(f,8)—Hy(f)

Note CU(fag) ZHU(f) or DU(f:g) >0
. +h
Exm Let Uﬁ(s)=m(1—ﬁs) £

Then power entropy CUﬁ (f,g)= —%j fgﬂdy + ﬁj gﬁ“du

beta divergence Dy, (f.2) =4 | f(f7 = e"du+ L5 [ (f7 - du

34



Generalized exponential model (ver. 2)

Let us fix a canonical statistict = (#,---,#x ).

G-exponential model

M = {75 () =07 (0" 1(x) -« (9)): 0 € B}

where K((D)(é’) 1s a normalizing constant.

Mean parameter 5 =E o) {{(X)} = iK(CD)(Q)
I 060

Remark 1 @and 7 are affine parameters wrt I'*®) and T(™

(M©® is dually flat.)

Remark 2 M %) is totally gedesic wrt I'¢®)
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