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Introduction



Infinite dimensional exponential family

B (Finite dim.) exponential family
pe(x) = exp <z 0;T;(x) — A(9)> qo(x)
j=1

B Infinite dimensional extension?

pr(x) = exp(f(x) — A(f)) qo(x) where A(f) = log [ e/ ®q,(x)dx

f Is a natural parameter in an infinite dimensional function class.

— Maximal exponential model (Pistone & Sempi AoS 1995):
» Orlicz space (Banach sp.) is used.
« Estimation is not at all obvious.
“Empirical” mean parameter cannot be defined.



B Kernel exponential manifold (rukumizu 2009; canu & smola 2005)
Reproducing kernel Hilbert space is used.

e pr(x) = exp({f, k(- %)) — A()) qo (x)

Parameter Infinite dimensional
sufficient statistics

« Empirical estimation is possible
— Mean parameter: m; = Ep, [k(-, X)]

— Maximum likelihood estimator: i, = %Z}Ll k(- X;)

« Manifold structure can be defined (Fukumizu 2009)



Problems In estimation

B Normalization constant / partition function
— Even in finite dim. cases
A(6) = log J %1191 g, (x)dx
IS not easy to compute.

— MLE: "Mean parameter - natural parameter’” needs to solve

OA(H) 2 X,

— Even more difficult for an infinite dimensional exponential family

B This talk = score matching yvarinen, JMLR 2005)

— Estimation method without normalization constants.
— Introducing a new method for (unnormalized) density estimation.
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Score Matching



Score matching for exponential family

(Hyvéarinen, JIMLR2005)
B Fisher divergence
p,q: two p.d.f’s on Q = [1G_1 (54, ta) = (RU {£o})%.

1 = dlogp(x) Jdlogq(x)
J(pllq) ==§j; =

2

p(x)dx

0xq 0xq

- J(pllg) = 0. Equality holds iff p = g (under mild conditions).

<€ _ Derivative w.r.t. x, not parameter.
* For location parameter p(x) = f(x — 6),
dlogp(x)  dlogfy(x)
ox, a0,
J(r|lq) = squared L2-distance of Fisher scores.




Set p = p, (true), and g = pg to be estimated.
J(0) = J(pollpe)

2
e Zg=1< ngf = - alogfa(’(x)> Po(x)dx
d
|1 d log pg (x) ik log Pe (x)
_EI;( o > Do (x )dx+jz po(x)dx

+ const.

d 10g pe(x)

« Assume lim  py(x)
Xq—Sq OT tg

ta 2
f alog’pe(x)alogpo(x) o (x)dx = [po(x)alee(x) _f 97 log pg(x) po(x)dx

0xg4 dxg dx2
Sa

= 0, and use patrtial integral

5p0 (x) 0
dx,

=J(6)



B Empirical estimation

d

. 1 01 021

J(0) =§fz< og)}:g(x)> o (x )dx+jz ngg(X) po(x)dx
a=1 a

Xq, ..., Xy: 1l.d. sample ~ p,.
dlogpe(X)\"  92logpe(X))
0=1yy
]n( ) L £ { ( axa i axczl

A

6 = argmin/,(0) : Score matching estimator



Score matching for exponential family

— For exponential family pg(x) = exp(X; 6,T;(x) — A(8)) g0 (%),

d m
_ 21 zg_aTj(X) aloqu(X) z 0°T; (X;) azlogqo(X)
, 2 T ) 0x, 0x, a Ox2 dx2

* No need of A(6)! (derivative w.r.t. x)

* Quadratic form w.r.t. &6 > Solvable!
« In the Gaussian case, 6 is the same as MLE.
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Kernel Exponential Family
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Reproducing kernel Hilbert space

— Def. Q: set. H: Hilbert space consisting of functions on (.

H: reproducing kernel Hilbert space (RKHS), if for any x € Q
thereis k,, € H s.t.

(f,ky)=f(x) forvfeH [reproducing property]

- k(x,y) =k,(y). kisapositive definite kernel,
i.e., k(x,y) = k(y, x) and the Gram matrix (k(xi,xj))__ is positive
ij
semidefinite for any xy, ..., xy,.

— Moore-Aronszajn theorem: for any positive definite kernel on (Q,
there uniquely exists an RKHS s.t. its reproducing kernel is k(-, x).

(One-to-one correspondence between p.d. kernel and RKHS)

— Example of pos. def. kernel on R%: k(x,y) = exp (— ||x—y||2)_ "
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Kernel exponential family

Def. k: pos. def. kernel on Q = [[%_,(s4 t;) © (R U {£+oo})4.
Hy: RKHS. q,: p.d.f. on Q with supp(g,) = Q.

F, ={f € Hy | [ e/®qy(x)dx < o} (functional) parameter space
Py == {ps: Q> (0,00) |
pr(x) = e/ D=ADg,(x), f € Fy}

where A(f) = [ e/ @ qy(x)dx

P;.: kernel exponential family (KEF)

— With finite dimensional H,,, KEF is reduced to a finite dim.
exponential family.
e.d. k(x,y) = (1 + xTy)? - Gaussian distributions.
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Score matching for KEF

Assume k is of class C? (0%tPk(x,y)/0%xd"y exists and is continuous
fora+ b < 2) and

: 0%k (x,
lim (xy)
Xq—Sq Or tg 0Xq0Yq

po(x) = 0 (for partial integral).
y=Xx

— Score matching objective function

L. W2 AZf(Y. 2 |
T Zz%(af(X) alogqo(Xl)> +0 f(Xl)+0 log qo(X;)

0x, 0x, dx? dx’

6f(XL) - (f, ok, XL)> 0% f (X)) _ (f azk(';Xi)>

2 2
oxg oxg

Note f(X;) = (f, k(:, X)),
J.(f) is a quadratic form w.r.t. f €EH.
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— Estimation

énf — fn
where
1 < 0k ( X;) k(X))
A Rl ik :
Cn . nz z axa ( axa l*> Hk - Hk
7I:L=1 g=1
. 1 ok(-, X)) dlogqy(X;) 0%k(,X;)
fn = _Z z + 2
n 0x, 0xg 0x;
1=1a=1

— Regqularized estimator
—~ A~ —1 A
fn = (Cn + Anl) $n
l.e.,
fn = argming Jo(f) + An”f”lz-lk

fem,
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Explicit Solution

— Estimator: (from representer theorem)
n d
] 5 ok(- X;)
o= bt ) ) b=
T=1b=1 b
where
25 O+ A&7 2Saih GE +ARE | Ak
nHa,i\V n n&<alt’t Ty J [a — ”511”
1 a ~ab p 1 ac ~bc ab | |Lial — b
_;Za,ihi Gl] +/1h] ;Zc,mGlmeJ +AGU ta h]
hh =1y, % k(XpX)) | 3%k(XiX;) de(x)) 06X _ dlogdo(Xy)
J n=La 9x20yp 0x40yp 0xq ' 0xg dxg
Gab _ 0%k(XuX)) “5 ||2—i o 9tk(XuX)) a3k(Xi,Xj)a£(Xj)_l_azk(xi,xj)ae(xi)af(xj)
U 7 9xgdyp nll T pzatab gy2gy2 0x20yp Oxp 0x,0yp 0xq Oxp

e f, can be taken in Span{ak("xj ) ) 511}.

axb

« Estimator is simply given by solving (1 + nd)-dimensional linear
equation. 16



Unnormalized p.d.f.

— Score matching for KEF gives only f(x) or e/®), unnormalized p.d.f.
« Estimation of A(f) = [ e/®q,(x)dx is yet nontrivial.

— There are interesting applications.

1) Nonparametric structure learning for graphical model given
data (Sun, Kolar, Xu NIPS2015)

p(X) « npij(xi;xj); G=(V,E)
ijEE
p;; Is estimated nonparametrically with KEF (with sparse edges).

P
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2) Hamiltonian Monte Carlo with intractable gradient
(Strathmann et al. NIPS 2015)

Estimate al%:(x) with EKF, assuming it does not allow a

closed form expression (intractable cases).

- Hamiltonian Monte Carlo (Neal 2012)
Goal: sample from
U(x) = —logm(x)
K (z): auxiliary momentum, e.g. —z2/t?
Hamiltonian H(z,x) := U(x) + K(z)
Hamiltonian flow:
dx 0H 0K

dt dz 0z’
dz 0H _ dlogm(x)
dat ~ dx 0x
This flow is used in proposal of MCMC
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Convergence

B Misspecification
True parameter f, is taken from a wider space than H,.

Extended parameter space

0
W) ={f € '@ 122 e P@;pp)a=1,...d}/~

where f ~ g & Zg=1”6f/axa - ag/axalliz(po) =0
df(x) dg(x)
(U1 [9Dwp ey = Zer [ 7520 2 po(x)dx.

W, (p,): completion of the pre-Hilbert space W, (py).

« With k is of class C? (and other technical conditions), the
canonical map

[i.: H > W5 (po), f e lf]
defines a (up to constant) embedding of H;,.



Theorem (convergence rate)
Under some assumptions,

(i) If f.:==1log(po/q0) € RUI;), with 4,, = 0,nl,, = o0

J(ollpz,) = 0 (n > ).
(i) If £, € R(ULIE)P) (0 < p < 1), thenwith 1, =n
_min{é,i})
J(ollpg,) = Op (n 32p+1)).

I;. 1. operator on W,(p,), given by
[ k() O () |
X X
Wi = Y. po(x)dx
a=1

dx, 0x,

1
- max{

3'2B8+1

=

)
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Hyperparameter selection

— Hyperparameters
« Kernel / kernel parameter (k(x,y) = exp (—2%2 |x — yllz))

 regularization coefficient

— Cross-valldatlon IS possible with the objective function
z <6f(X) aloqu(X)> N 21”(X)+6210gqo(X)

0x, 0x, dx2 dxz

Jn(f) =

i=1a=1
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Experiments
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Kernel Density Estimation

— KDE: standard nonparametric method for estimating p.d.f.
Given i.i.d. sample Xy, ..., X, ~ P

n g— EIEEEFE”C"%‘. o,
Pn\X) = N 4 hn % 2_ ' HRi
t=1 5 o kAR
o o i | -. i,
K(x): p.d.f. o | K T
A S D S N S —
. 1 ”xllz -3 -2 -1 0 1 2 3
e.g. K(x) = omyars EXP (— ” ) X

« KDE works well for one-dimensional cases, but weak for high
(say, 10) dimensional cases.
» Sensitive to the choice of h,,, (though CV and other methods

are applicable).
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Socre objective function

Comparison: EKF vs KDE

B Evaluated by score objective function J
kernel: k(x,y) = exp(—|lx — y|I?/202) + 0.1(xTy + 0.5)?

- Gaussian py = ¢4(x;0,1,) - Gaussian Mixture
Po = OS(pd (x, 41d’ Id) + 05¢d (x, _41(1' Id)
Gaussian distribution: n = 500 Gaussian mixture: n = 300
4 : L 5 ;
—e— Score match A —e— Score match
=
..... = KDE 2 | m KDE
3 i *g 4
i g 3 | |
2 . E ‘
. 3 2 }
| s ;
r r 0 r r r r
0 5 10 15 20 0 5 10 15 20
Dimension Dimension
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B Evaluated by correlation

Erlp(Z2)po(Z2)] 1 10%
Cor(p, = L ~—>i.0x., Xi~ podx
®:Po) VERIP(2)2]ER[po(2)?] 10+ <=1 %0 217 o
— Gaussian — Gaussian Mixture
Do = ¢a(x;0,1y) po = 0.5¢4(x;414,145) + 0.5¢4(x; —414,14)
Gaussian distribution: n = 500 Gaussian mixture: n = 300
1 :
0.95- 0.9
0.9
g o8
< (.85 =
ﬂ i - n
) g
% 0.8F L3 3 0.7 | 5
@) U .... -
0.75- Ly
0.6] o S tch (|
0.74 —*— Score match i | core matc
..... = KDE ~ae KPE 1
: r : : 0.5 ’ : f
0.65 5 10 15 20 0 5 10 15 20
Dimension Dimension
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Conclusions

B Infinite dimensional exponential family with

positive definite kernel

— A natural extension of finite dimensional exponential family

— Sufficient statistics and parameter are given by feature vector
k(-,x) and function f, respectively.

B Score matching method gives a tractable

estimator for kernel exponential family.

— No need of computing normalization constants.
— The estimator is given as a solution to a linear equation.
— Non-normalized density function is estimated nonparametrically.
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Thank you.

Reference

B. Sriperumbudur, K. Fukumizu, R. Kumar, A. Gretton, and A.
Hyvarinen. Density Estimation in Infinite Dimensional Exponential
Families. arXiv:1312.3516.

27



