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Optimal transportation problems (OTPs)

Kantorovich's OTP

Optimal Transportation Problem (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970)

K.(g,p) :=inf {/ cx,y)dw : yw =gq, myw =p}
XxY

where ¢ : X XY — R is a cost function (e.g. a metric).

[(q.p) :={wE€PX®Y) : myw=gq, myw =p}
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.(q.p) := inf{/ c(x,y)dw :
XxY
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.(q,p) :=inf {/ cx,yydw : myw =q, wyw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

qHM=p=/M4D@
X
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Optimal Transport Plan

Optimal Transportation Problem

K.(q,p) :=inf {/ cx,yydw : myw =q, wyw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

q'—>Tq=p=/p('|x)dq
X

@ p(- | x) — Markov transition kernel
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.(q,p) :=inf {/ cx,y)dw : yw =gq, myw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

q'—>Tq=p=/p(-|x)dq
X

@ p(- | x) — Markov transition kernel
o T is determined by w € P(X ® Y):

w=p(|x)®q
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Optimal transportation problems (OTPs)

Monge OTP
Optimal Transportation Problem (Monge, 1781)

K.(q,p) :=inf{/XC(x,f(x))dq fp =q°f‘1}

where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof N(E) = g{x : f(x) € E}
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Optimal transportation problems (OTPs)

Monge OTP
Optimal Transportation Problem (Monge, 1781)

K.(g,p) 1= inf{/c(x,f(x))dq fip= QOf_l}
X
where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof N(E) = g{x : f(x) € E}

Optimal Transport
@ p(- | x) has the form:

0 otherwise
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Optimal Transportation Problem (Monge, 1781)

K.(q.p) := inf{/XC(x,f(X))dq fp =q°f‘1}

where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof N(E) = q{x : f(x) € E}

Optimal Transport
@ p(- | x) has the form:

0 otherwise

° wy € IPXQ®Y):

WX, Y\ (X)) =0
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Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dia(p.q) = / [lnp - Ingldp
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Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dy, (p.q) = / [Inp —Ingldp

Shannon'’s information (Shannon, 1948)
ForweT(q,p) CPX®Y):

Iw{x7y} = DKL(W7Q®p)
= H(g)—H(g(x|y)
= H(p)-HpO|x)
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Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dia(p.q) = / [lnp - Ingldp

Shannon'’s information (Shannon, 1948)
ForweT(q,p) CPX®Y):

Iw{x7y} = DKL(W7Q®p)
= H(g)—H(g(x|y)
= H(p)-HpO|x)

Entropy H(p) = —f Inpdp

Hp) := sup L {xy}=1,{yy}

wimyw=p

4
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Information and entropy

w
D(w,q®
98D pivgen
194 5->q9Qp
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Information and entropy

Theorem (Shannon-Pythagorean)
o WEPXQ®Y), axyw=gq, Tyw=p w
D(w,q®q) Diwg®p)
Dy (W, q® q) = Dy (W, q ® p) + D (p, q) o
4®q—-—=qQp
(Belavkin, 2013a) b-a)
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Information and entropy

Theorem (Shannon-Pythagorean)
owePXQ®Y) myw=gq, iyw=p

Dy w,q® q) = Dy (w, g @ p) + Dgy (5 q)

(Belavkin, 2013a)

Proof.

D(w,q®q) =Dw,q@p)+D(q®p,q®q)—(Ing®p—-Ing®q,q@p —w)

w

Do,
(WW LD(w,q@»p)

994 5-=qQp

ILV{X:’y} D(p’q)

Ing®p-Ing®qg=1y,@(np —1Ing)

v

0

O

v
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Information and entropy

Theorem (Shannon-Pythagorean)
owePXQ®Y) myw=gq, iyw=p w
D(WW lD(w q®p)
Dy (W, q® q) = Dy (W, q ® p) + D (p, q) '
4®q——=qQp
(Belavkin, 2013a) b-a)

Proof.

D(w.q®q) = D(w.q ® p) + D(q ®p,q®qJ)—§lnq ®p—lnq®q,q®p—wz
IW{:,y} D(;q) Bf

Ing®p-Ing®q=1xQ(np—Ing) 0]

Cross-Information (Belavkin, 2013a)

Dg(w,q® q) = —(Ing,p) —[H(p) — Dg;(w,q Q@ p)]
%,—/ . _

 HpOW)

Cross-entropy
.ll and nannon op

Roman_Belavkin



Optimal channel problem (OCP)

Optimal channel problem (OCP)
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

S.(q. 4) :=inf{/ cx,y)dw : myw =gq, I {x,y} < /1}
XxY
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

S.(q. 4) :=inf{/ cx,y)dw : myw =gq, I {x,y} < /1}
XxY

Exponential family solutions
e Optimal T : P(X) — P(Y) is defined by

w=e P gep,  pl=—-dS.(q,A)/d
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Optimal channel problem (OCP)

Shannon’s OCP
Optimal Channel Problem (Shannon, 1948)

S.(q. 4) :=inf{/ cx,y)dw : myw =gq, I {x,y} < /1}
XxY

Exponential family solutions

e Optimal T : P(X) — P(Y) is defined by
w=e M q@p, p=-dS.(q,4/d

@ Observe that w & dP(X ® Y), unless
gRpEIPX®Y) or f — 0.
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

S.(q. 4) :=inf{/ cx,y)dw : myw =gq, I {x,y} < /1}
XxY

Exponential family solutions
e Optimal T : P(X) — P(Y) is defined by

— e—ﬂc—an

w q®p, Pp~'=-dS.(q. N/d

@ Observe that w & dP(X ® Y), unless
gRpEIPX®Y) or f — 0.

v

Value of Information (Stratonovich, 1965)
V(4) :=8.q,0) = S.(g, A) = sup{E, {u} : I, {x,y} < 1} }
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

S.(q, A) := inf{/ c,yydw : myw =gq, [ {x,y} < /1}
XxY
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

S.(q, A) := inf{/ c,yydw : myw =gq, [ {x,y} < /1}
XxY

Optimal Transportation Problem

K.(q,p) = inf{/ clx,y)ydw @ myw =gq, myw =p}
XXY
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

S.(q, A) := inf{/ c,yydw : myw =gq, [ {x,y} < /1}
XxY

Optimal Transportation Problem

K.(g,p) :=inf {/ cx,yydw : myw =q, wyw =p}
XxY

@ g and p have entropies H(g) and H(p) and
0 <1,{x,y} <min[H(q), H(p)]
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

S.(q, 1) = inf{/ c,yydw : myw =gq, [ {x,y} < ﬁ}
XxY

Optimal Transportation Problem

K.(g,p) :=inf {/ cx,yydw : myw =q, wyw =p}
XxY

@ g and p have entropies H(g) and H(p) and
0 <1I,{x,y} <min[H(g), H(p)]
e K_.(q,p) has implicit constraint 7, {x,y} < A = min[H(g), H(p)] and

S.(q,A) < K.(g,p)
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Sc'l(q,v) :=inf{lw{x,y} D Txw =q, /cdws v}
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Sc'l(q,v) :=inf{lw{x,y} D Txw =q, /cdws v}

Inverse of the OTP Value

Kc_l(q,p,v) :=inf{lw{x,y} P AxW =¢q, Tyw =D, /cdws v}
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Sc—l(q’z)) Z=inf{[w{x,y} D axw =gq, /CdWSU}

Inverse of the OTP Value

Kc_l(q,p,u) :=inf{lw{x,y} D TxW =q, Tyw =P, /cdwﬁv}

@ These inverse values represent the smallest amount of Shannon's
information required to achieve expected cost [ cdw = v.
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Sc—l(q’z)) Z=inf{[w{x,y} D axw =gq, /CdWSU}

Inverse of the OTP Value

Kc_l(q,p,v) :=inf{lw{x,y} D TxW =q, Tyw =P, /cdwﬁv}

@ These inverse values represent the smallest amount of Shannon's
information required to achieve expected cost [ cdw = v.

e If v=K_.(g,p), then

S-'(g.v) <K '(¢.p.v)
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Geometry of information divergence and optimization

Geometry of information divergence and optimization
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

N’
E,{In(p/q)} < 4

%)
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;
e v,(A) =-S_,(g, 4) utility of
information A:

v,(4) 1= sup{(u,p) : F(p,q) < 4}

od
E, {In(p/q)} < A

%)
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Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;
e v,(A) =-S_,(g, 4) utility of
information A:

v,(4) 1= sup{(u,p) : F(p,q) < 4}

e 4,(v) = v;l(v) information of
utility v:

AM(D) = lnf{F(pv 5]) . <Ll,p> > U}

od
E, {In(p/q)} < A
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

e v,(A) =-S_,(g, 4) utility of
information A:

v,(4) 1= sup{(u,p) : F(p,q) < 4}

e 4,(v) = v;l(v) information of
utility v:

AM(D) = lIlf{F(p, 5]) . <Ll,p> > D}

od

@ p(p) optimal solutions: E (In(p/q)} < A
b <

p(B) € OF*(Pu,q), F(p(P),q) = 4

%)
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;
e v,(A) =-S_,(g, 4) utility of
information A:

v,(4) 1= sup{(u,p) : F(p,q) < 4}

e 4,(v) = v;l(v) information of
utility v:

AM(D) = lIlf{F(p, 5]) . <Ll,p> > D}

\.‘.q

@ p(p) optimal solutions: E (In(p/q)} < A
b <
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility

e v,(A) =-S_,(g, 4) utility of
information A:

v,(4) 1= sup{(u,p) : F(p,q) < 4}

e 4,(v) = v;l(v) information of
utility v:

AM(D) = lIlf{F(p, 5]) . <Ll,p> > D}

@ p(p) optimal solutions:

p(B) € OF*(Bu,q), F(p(B),q) = A lp —qll,

%)
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : F(p,q) < A}
(4,(0) 1= inf{F(p.q) : (u,p) > v}):

Lp.p™) = (up)+p7 1A~ Fp,9)]
(Lw.p) = Fp.q)+plo— (w.p))
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : F(p,q) < A}
(4,(0) 1= inf{F(p.q) : (u,p) > v}):

Lp.p™") = (up)+p ' [A-F@p, gl

(Lw.p) = Fp.q)+plo— (w.p))
@ Necessary and sufficient conditions oL 3 0:
WLp.p™) = {pu} =9, F(p.q)>0
91 L(p.p™") = A=F(p.q)=0
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : F(p,q) < A}
(4,(0) 1= inf{F(p.q) : (u,p) > v}):

Lp.p™) = (up)+p7 1A~ Fp,9)]
(Lw.p) = Fp.q)+plo— (w.p))

@ Necessary and sufficient conditions oL 3 0:

9,L(p, 7
51 L(p, p71)

{pu} = 0,F(p.q) 3 0
A=F(p.q)=0

@ Optimal solutions are subgradients of F*(u, q) = sup{{u,p) — F(p,q)}:

p(B) € OF*(Pu),  F(p.q)= A ((u,p(ﬁ)):o)
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Geometry of information divergence and optimization

Example: Exponential Solution

e For D, (p.q) = In(p/q),p) — (1.p — g):

Lp.p™" = (u,p) + p~' [ — (In(p/q).p) + (L,p — q)]
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Geometry of information divergence and optimization

Example: Exponential Solution

e For Dy, (p.q) = In(p/q).p) — (1.p — q):
L(p, B™") = (u,p) + p~'[4 = (In(p/q), p) + (1.p — 9]

@ Necessary and sufficient conditions VL(p, ~1) = 0:

u—p'In(p/q) =0
A=Dg(p,q) =0

V,L(p. ")
g1 L(p, B
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Geometry of information divergence and optimization

Example: Exponential Solution

e For Dy, (p.q) = In(p/q).p) — (1.p — q):
L(p, B™") = (u,p) + p~'[4 = (In(p/q), p) + (1.p — 9]

@ Necessary and sufficient conditions VL(p, ~1) = 0:

u—p'In(p/q) =0
A=Dg(p,q) =0

V,L(p.p7")
g1 L(p, B

e Optimal solutions are gradients of D%, (u, q) = In{e", g):

p(p) =l g Dy (p(B).q) = A
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL(W,q ®P) < i

w(p) = " g @ p
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL(W,q ®P) < i

w(p) = " g @ p

o WEZIPXQ®Y).
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL(W,q ®P) < i

w(p) = " g @ p

o WEZgIPXQ®Y).
o T : P(X) - P(Y) cannot have kernel
O ()-
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL(W,q ®P) < i

w(p) = " g @ p

o wgIPXQY).

o T : P(X) — P(Y) cannot have kernel
Sp)(*)-

@ The dual is strictly convex:

D}ZL(u,q®p)=ln/e“q®p
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'(g,p) is convex:

ax(I=wy+mwy) = -0g+1qg=gq
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'(g,p) is convex:
ax((l=0wy +twy)) =(1-0g+1g=¢q
@ There exists closed convex functional F:

I'g,p)={w: Fw,q®p) <1}

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems 13 June 2016 19 / 30



Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'(g,p) is convex:
axy(I=Dw;+twy)) =1 —-t)g+tg=gq
@ There exists closed convex functional F:
I(g.p) ={w: Fw,q®p) <1}

@ Then the solution to OTP is:

w(p) € OF*(—=fc,q ® p)
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'(g,p) is convex:
axy(I=Dw;+twy)) =1 —-t)g+tg=gq
@ There exists closed convex functional F:
I(g.p) ={w: Fw,q®p) <1}

@ Then the solution to OTP is:

w(p) € OF*(—pc,q ® p)
Monge-Amper equation

q = poVo|Vie|

where ¢ : X > RU {0} is convex, and Vg : X - Y is such that
p =qo(Ve)~! (McCann, 1995; Villani, 2009).
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing £, {u} on sets {w : F(w) < i}, VA =F(w)
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Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing £, {u} on sets {w : F(w) < i}, VA =F(w)
o F:PX®Y)— RU{)} closed convex and minimized at
G®p € IF*(0) C Int(P(X ® Y))

o If F* is strictly convex, then
Q w(p) €EIPX®Y) iff A > supF (ie. f— ).
©Q Foranyve€dPXQY) with F(v) = Flw(p)) = A

© Foranyv € dP(X®Y) with E {u} =E,4f{u} =0

F(v) > F(w(p))
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'(q, p) be a solution to Monge OTP K (q,p).
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'(q, p) be a solution to Monge OTP K (q,p).
o Let w(p) is a solution to Shannon’s OCP S.(q, 7).
° Ifwf and w(pB) have equal wa{x,y} =Lypixyt = A <supl,{x,y},
then
K.(q.p) > S.(q,24) >0
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'(q, p) be a solution to Monge OTP K (q,p).
o Let w(p) is a solution to Shannon’s OCP S.(q, 7).

° Ifwf and w(pB) have equal wa{x,y} =Lypixyt = A <supl,{x,y},
then
K.(q.p) > S.(q,4) >0

° Ifwf and w(p) achieve equal values K .(q,p) = S.(q, ) = v > 0, then

K '(g.p.v) > S7'(q.0)
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Geometry of information divergence and optimization

Optimal Transport and the Expected Utility Principle

o Let (X XY, 3) be a set with preference relation (total pre-order).
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Geometry of information divergence and optimization

Optimal Transport and the Expected Utility Principle

o Let (X XY, 3) be a set with preference relation (total pre-order).

@ The Neumann and Morgenstern (1944) EU principle states that for
any vww E PXQ® Y):

vSw < EJ{u}<E {u} FJu:XXY->R
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Geometry of information divergence and optimization

Optimal Transport and the Expected Utility Principle

o Let (X XY, 3) be a set with preference relation (total pre-order).

@ The Neumann and Morgenstern (1944) EU principle states that for

any vww E PXQ® Y):
vsw < E{u}<E, {u} Ju:XXY->R

@ Based on linear and Archimedian axioms:

vSw < v iw, Vi>0
vSw & v+rsSw+r, VreL
nsw, VheN = v0
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Geometry of information divergence and optimization

Optimal Transport and the Expected Utility Principle

o Let (X XY, 3) be a set with preference relation (total pre-order).
@ The Neumann and Morgenstern (1944) EU principle states that for
any vww E PXQ® Y):

v<w < EJfu}<E,u} Ju:XxXY->R

@ Based on linear and Archimedian axioms:

vIiw <= v iw, Vi>0 (1)
viw &= v+rsw+r, Vrel (2)
nsw, VvheN = v30 (3)

Theorem
Pre-ordered linear space (L, <) satisfies (1), (2) and (3) if and only if (L, 5)
has a utility representation by a closed linear functional u : L — R.
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Dynamical OTP: Optimization of evolution
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Dynamical OTP: Optimization of evolution

Dynamical Problems

° q(t) = Tq(1) = q(t+ 1)

o4
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Dynamical OTP: Optimization of evolution

Dynamical Problems

° q(t) = Tq(1) = q(t+ 1)
° q(1) = T’q(1) = q(t + )

od
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Dynamical OTP: Optimization of evolution
Dynamical Problems
° q() = Tq() =q(t+1)

° g(t) =» T'q(t) = q(t +5)
° g(t) = o7

oq
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Dynamical OTP: Optimization of evolution

Dynamical Problems

o g(t) » Tq(t) = q(t+ 1)
° q(1) = T'q(t) = q(t + 5)
° g(t) = o7

o Expected utility:

[Eq(,){u}=/udq(t)
X

oq
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Dynamical Problems
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Dynamical OTP: Optimization of evolution

Dynamical Problems

o g(t) » Tq(t) = q(t+ 1)
° q(1) = T'q(t) = q(t + 5)
° g(t) = o7

o Expected utility:

[Eq(,){u}=/udq(t)
X

@ Why not directly
g~ Tqg=5617

od
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Dynamical OTP: Optimization of evolution

Example: Search in Hamming space {1, ..., a}!

e Find Te{l,...,a}%
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Dynamical OTP: Optimization of evolution

Example: Search in Hamming space {1, ..., a}!

e Find Te{l,...,a}%
o Hamming metric dy(x,y) = |y —xlly =1- Y., &

i=1 "Xy
o [{1,...,a} | =d!
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Dynamical OTP: Optimization of evolution

Example: Search in Hamming space {1, ..., a}!

e Find Te{l,...,a}%

o Hamming metric dyy(x,y) = [ly — x|y = - Xi_, 6.,
o |{L,....a}|=d

@ To find T in one step we need /log, a bits.
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Dynamical OTP: Optimization of evolution

Example: Search in Hamming space {1, ..., a}!

Find Te {1,...,a}.
Hamming metric dy(x,y) = |ly —x|ly =1 - Zle Oyy,
{1,...,a}| =d!

To find T in one step we need /log, a bits.

dy(T,x) communicates no more than log,(/ + 1) bits.
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Dynamical OTP: Optimization of evolution

Example: Search in Hamming space {1, ..., a}!

e Find Te{l,...,a}%

e Hamming metric dy(x,y) = |ly — x|y =1- Zle Oyy,
o |{L,....a}|=d

@ To find T in one step we need /log, a bits.

@ dy(T,x) communicates no more than log,(/ + 1) bits.
@ Forl>2

log,(I+ 1) < llog, &
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Dynamical OTP: Optimization of evolution

Optimal Control of Mutation Rate

@ Optimal transition kernels are

e Pl li[ o PU=6,)
1+ (a—1)e F] 1+ (a— e ?

i=1

Pﬂ()’|x)=[
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Dynamical OTP: Optimization of evolution

Optimal Control of Mutation Rate
@ Optimal transition kernels are

l
e Plly—=xlu e P =0g)

Pyl = [1+ (a = 1)e ] :Hl+(a—1)e—ﬁ

i=1

@ f=In (;4‘1 - 1) + In(a — 1), where ;1 = v/l is the mutation rate,
defined by the constraint E{|ly — x|y} < v.
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Dynamical OTP: Optimization of evolution

Optimal Control of Mutation Rate
@ Optimal transition kernels are

e Plly—=xlu ! e P =0g)

Pyl = [1+ (a = 1)e ] :H1+(a—1)e—ﬁ

i=1

@ f=In (;4‘1 - 1) + In(a — 1), where ;1 = v/l is the mutation rate,
defined by the constraint E{|ly — x|y} < v.

@ Optimal randomization corresponds to independent substitution of
letters with probability x (mutation rate):

PG| n) = ( i ) () (1= p(m)"
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Dynamical OTP: Optimization of evolution

Optimal Control of Mutation Rate
@ Optimal transition kernels are
e Plly—=xlu ! e P =0g)

[1+ (a = 1)e ] - H 1+ (a— e ?

i=1

Pﬂ(Y|X)=

@ f=In (;4‘1 - 1) + In(a — 1), where ;1 = v/l is the mutation rate,
defined by the constraint E{|ly — x|y} < v.

@ Optimal randomization corresponds to independent substitution of
letters with probability x (mutation rate):

PG| n) = ( i ) () (1= p(m)"

o Which pu(n)?
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Dynamical OTP: Optimization of evolution

Optimal Control of Mutation Rate

@ Optimal transition kernels are

L P56,

_ e Plly—=xlu _
Pl = [1+ (a—1e P _H 1+ (a—1)e?

i=1

@ f=In (;4‘1 - 1) + In(a — 1), where ;1 = v/l is the mutation rate,
defined by the constraint E{|ly — x|y} < v.

@ Optimal randomization corresponds to independent substitution of
letters with probability x (mutation rate):

PG| n) = ( i ) () (1= p(m)"

o Which pu(n)?
@ The CDF method:

n—1
_ [\ (x—=1)"
ulm) = mzzo <m> al

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems 13 June 2016 26 / 30



Dynamical OTP: Optimization of evolution

Evolution of Fitness in Information

0
1

Distance to optimum n = d(T, a)
o

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems 13 June 2016

Constant 1/1
i Step
L Linear n/I

max, P,(m <n|n)
Pym < n|n)

¢ (n: )

0 5 10 15

Information (bits)

20
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Dynamical OTP: Optimization of evolution

Mutation Rate Control in E. coli

@ Used strains of Escherichia coli K-12 MG1665
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@ Used strains of Escherichia coli K-12 MG1665
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Dynamical OTP: Optimization of evolution

Mutation Rate Control in E. coli

@ Used strains of Escherichia coli K-12 MG1665
@ Fluctuation test using media 50ug/ml of Rifamipicin

o Estimated mutation rates y in E.coli strains grown in Davis minimal
medium with different amount of glucose.
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Dynamical OTP: Optimization of evolution

Experimental Results (Krasovec et al., 2014)

—~~

Mutation rate (10~° / gen

1 2 3 4
Population density (108 c.f.u./ml)

@ Strong relationship between y and density of cells (p < .0001).
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Dynamical OTP: Optimization of evolution

Experimental Results (Krasovec et al., 2014)

—~~

Mutation rate (10~° / gen

1 2 3 4
Population density (108 c.f.u./ml)

@ Strong relationship between y and density of cells (p < .0001).
@ No such relationship in the /uxS quorum sensing mutant (p = .0234).

Krasovec, R., Belavkin, R., Aston, J., Channon, A., Aston, E., Rash, B., Kadirvel, M.,
Forbes. S., Knight, C. G. (2014, April). Mutation-rate-plasticity in rifampicin resistance

depends on Escherichia coli cell-cell interactions. Nature Communications, Vol. 5 (3742).
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