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Abstract

Minimisation of the expectation Ep(X) of a random variable X over a family
T" of plausible distributions P is addressed, when I' is a level set of some entropy
functional. It is shown, using a generalized Pythagorean identity, that whether
or not a worst case distribution (minimising Fp(X) subject to P € I') exists, the
almost worst case distributions cluster around an explicitely specified, perhaps
incomplete distribution. It is also analysed how the existence of a worst case
distribution depends on the threshold defining the set I'.

1 Entropy functionals

An entropy functional over nonnegative measurable functions pm a set €2, equipped
with a (finite or o-finite) measure y, is

H(p) = Ha(p) := /Q B(w, p(w))u(dew),

where 3 belongs to the collection B of functions 8(w,s) on Q x R, measurable in
w for each s € R*, and strictly convex and differentiable in s on (0,+00) for each
w € Q, with f(w,0) = lims o S(w, s).

Entropy functionals are of main interest for densities p = g—P of distributions PP.
Best known is I-divergence or relative entropy, also familiar are other f-divergences

Ds(Blln)) = [ Fow)n(de) it n() =1
and Bregman distances
By(p.0) = [ Ap(ple).a(w))n(d)

Here Ay(s,r) = f(s) — f(r) — f'(r)(s — r). More general Bregman distances, with
any 8 € B in the role of f, will also be needed.



2 The problem

In Mathematical Finance, the monetary payoff or utility of some action, e.g. of a
portfolio choice, is a function X (w) of a collection w of random risk factors governed
by a distribution not known exactly that can often be assumed to belong to a set I'
of “plausible” distributions. Then the negative of the worst case expected payoff

inf B (X) = jnt. | X(w)P(d)
is a measure of the risk of this action. Familiar choices for I" are an I-divergence ball
or some other f-divergence ball around a “default distribution”.

More gererally, I' = {P: dP = pdu, H(p) < k} will be considered with any entropy
functional H and threshold k, addressing the corresponding infimum V' (k). This
problem motivated by Mathematical Finance appears of independent interest, and the
results obtained are expected to be relevant also in other fields. Study of the closely
related problem of minimising entropy functionals subject to moment constraints has
substantially contributed to the development of Information Geometry. Results of
joint work of the first author with F. Matds on that problem, including a generalised
Pythagorean identity, will be essentially used in this talk.

3 Sketch of results

First, a known expression of V (k) when H is an f-divergence is extended to general
entropy functionals.

A main result (new even for I-divergence) is that the densities p with H(p) close to
k and E,(X) close to V (k) cluster in Bregman distance around an explicitly specified
function that equals the worst case density if it exists, but otherwise may even have
integral less than 1.

Next, the function V' (k) is analysed, it is shown differentiable in typical cases but
not always. Finally, the dependence on k of the existence of a worst case density is
addressed. In case of f-divergences, it is shown to either exist for all k, or to exist/do
not exist for k less/larger than a critical value. A conjecture is formulated about how
this result might extend to general entropy functionals.
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